Spectral dimension with deformed spacetime signature by Mielczarek, Jakub & Trześniewski, Tomasz
ar
X
iv
:1
61
2.
03
89
4v
2 
 [h
ep
-th
]  
20
 Ju
l 2
01
7
Spectral dimension with deformed spacetime signature
Jakub Mielczarek∗ and Tomasz Trzes´niewski∗,†
∗Institute of Physics, Jagiellonian University, ul.  Lojasiewicza 11, 30-348 Krako´w, Poland
†Institute for Theoretical Physics, University of Wroc law, pl. Borna 9, 50-204 Wroc law, Poland
(Dated: July 21, 2017)
Studies of the effective regime of loop quantum gravity (LQG) revealed that, in the limit of
Planckian curvature scales, spacetime may undergo a transition from the Lorentzian to Euclidean
signature. This effect is a consequence of quantum modifications of the hypersurface deformation
algebra, which in the linearized case is equivalent to a deformed version of the Poincare´ algebra.
In this paper the latter relation is explored for the LQG-inspired hypersurface deformation algebra
that is characterized by the above mentioned signature change.
While the exact form of the deformed Poincare´ algebra is not uniquely determined, the algebra
under consideration is representative enough to capture a number of qualitative features. In partic-
ular, the analysis reveals that the signature change can be associated with two symmetric invariant
energy scales, which separate three physically disconnected momentum subspaces.
Furthermore, the invariant measure on momentum space is derived, which allows to properly
define the average return probability, characterizing a fictitious diffusion process on spacetime. The
diffusion is subsequently studied in the momentum representation for all possible variants of the
model. Finally, the spectral dimension of spacetime is calculated in each case as a function of the
scale parameter. In the most interesting situation the deformation is of the asymptotically ultralocal
type and the spectral dimension reduces to dS = 1 in the UV limit.
I. INTRODUCTION
Analysis of a (fictitious) diffusion process on space or
spacetime has become a versatile tool for characterizing
classical and quantum models. The usefulness of this
method stems from the spectral properties of Laplace op-
erators, which allow us to determine such quantities as
the return probability or spectral dimension. The former
can be applied to calculations of the vacuum energy den-
sity and entanglement entropy [1]. Studies of the spec-
tral dimension, which is one of the possible tools allowing
to characterize the spacetime dimensionality at different
scales, has become especially popular over the last ten
years in the context of quantum gravity. In particular,
this is so because the spectral dimension can tell us what
is effective spacetime dimension perceived by a field de-
fined of a given spacetime. The results may also be used
for a comparison of different models of the Planck scale
physics. However, the potential convergence of their pre-
dictions has to be treated as a hint rather than indica-
tion of the more fundamental relation. The reason is that
different structures of (quantum) geometry may lead to
similar running of the spectral dimension with scale.
The above mentioned avalanche of papers concerning
the spectral dimension has been triggered by the seminal
analysis performed in the framework of Causal Dynami-
cal Triangulations (CDT) [2]. In the space of parameters
of this model one can distinguish several phases, charac-
terized by different geometrical properties. Deep within
phase C, in which one obtains an extended physical uni-
verse, it has been shown that spacetime undergoes a di-
mensional reduction from the classical value dS ≈ 4 at
large diffusion times (IR limit) to dS ≈ 2 at small times
(UV limit). The result has been subsequently general-
ized, showing that the UV value of the spectral dimen-
sion varies depending on a position on the CDT phase
diagram. In particular, in the region of the phase C close
to the phase A (where spacetime becomes a sequence of
short-living small universes) the value dS ≈ 3/2 has been
measured, which, interestingly, can serve as a resolution
to the entropic argument against the asymptotic safety
scenario [3].
The dimensional reduction to dUV = 2 in the ultravi-
olet limit seems to be a common feature of a variety of
approaches to quantum gravity [4]. It has been observed
in (besides CDT): Horˇava-Lifshitz gravity (for the char-
acteristic exponent z = 3) [5], asymptotic safety scenario
[6], multi-fractal spacetimes [7], causal sets (probed by a
scalar field) [8, 9] and spin-foam models [10, 11]. On the
other hand, the value dUV = 2 is not completely universal
but typical for a certain class of models, describing a spe-
cific type of quantum spacetime configurations, perhaps
a specific phase of the gravitational field. In particular,
as we already mentioned, the values different from 2 can
be found on the CDT phase diagram. While in the phys-
ical phase C the dimensional reduction from dIR = 4 to
dUV ∈ [3/2, 2] has been observed, in two other phases val-
ues of the spectral dimension are significantly different,
e.g. in the non-geometric phase B (where universe is a
highly-connected single time slice) the spectral dimension
diverges at small scales. Another example of dUV 6= 2
is provided by the κ-Minkowski noncommutative space-
time, which is often employed in models of doubly special
relativity or relative locality, characterized by deformed
relativistic symmetries. It has been shown to exhibit the
dimensional reduction from dIR = 4 to dUV = 3 [12]
but this value is obtained for a particular choice of the
Laplace operator on momentum space. Meanwhile, in the
case of the relative locality-inspired Laplacian the spec-
tral dimension diverges at small scales [13]. One of the
2issues in the above context is also the interplay between
the running dimension and either breaking or deforming
of the relativistic symmetries of spacetime [14].
In this paper we extend previous results by investi-
gating the diffusion on spacetime whose Poincare´ sym-
metries are deformed by effects predicted in the effec-
tive regime of loop quantum gravity (LQG). Namely,
it has been shown that as a consequence of requir-
ing the anomaly freedom the classical algebra of grav-
itational constraints (the hypersurface deformation al-
gebra) is subject to a quantum deformation [15, 16].
A pronounced manifestation of the deformation is the
phenomenon of a“dynamical” signature change [16–18].
Here, in particular, we study the role of such a signature
change in the description of a diffusion process. Our cal-
culations are performed in the symmetry-reduced setup,
where the isotropy and homogeneity of spacetime are as-
sumed. Then the hypersurface deformation algebra is
equivalent to a deformed version of the Poincare´ algebra.
The explicit form of the latter deformation has so far
been obtained only in the spherically symmetric case [19],
where the algebra is effectively two-dimensional. The cor-
responding deformed Poincare´ algebra (and, tentatively,
the coalgebra) was also studied in [20–22]. An additional
effect of such investigations is that they provide a desired
prediction of the deformed relativistic symmetries from
the hypothetical full theory of quantum gravity, while
usually they have only been introduced a priori, in the
phenomenological approach [23]. Finally, let us mention
that in [22] it has been suggested that the loop deforma-
tion of the hypersurface deformation algebra may lead to
the dimensional reduction to dUV = 2.5 near the Planck
scale. However, this value can change when higher order
contributions to the dispersion relation are taken into ac-
count.
In the next sections, inspired by the analysis performed
in [24], we recover the form of a particular deformed
four-dimensional Poincare´ algebra by imposing certain
reasonable conditions. While such a method does not
lead to the unique form of the deformation, the obtained
results allow to deduce a number of qualitative conclu-
sions. In particular, as we show, the deformation may
lead to the appearance of a new invariant energy scale.
Furthermore, we explicitly derive the invariant measure
on momentum space, which turns out to be different from
the one that could be naively expected from the form of
the mass Casimir. The symmetry algebra turns out to
be compatible with the standard Heisenberg algebra of
phase space variables and therefore we assume that the
latter algebra is undeformed. Finally, (in the momentum
representation) we calculate the average return proba-
bility and the resulting spectral dimension of spacetime,
which is a function of the scale parameter. We analyze
four distinct cases, depending on the deformation param-
eter. The physical meaning and relations of the results
with other approaches are discussed.
Throughout this paper we use the Planck units, where
~ = c = 1, G = 1/m2Pl and mPl denotes the Planck mass.
II. DEFORMED POINCARE´ ALGEBRA
The perturbative analysis of the effective regime of
loop quantum gravity has revealed (see e.g. [15–17]) the
following form of the quantum-deformed hypersurface de-
formation algebra:
{D[Na1 ], D[Na2 ]} = D
[
N b1∂bN
a
2 −N b2∂bNa1
]
, (1)
{S[N ], D[Na]} = −S [N b∂bN] , (2)
{S[N1], S[N2]} = D
[
sΩqab(N1∂bN2 −N2∂bN1)
]
, (3)
where qab denotes the spatial metric, with spatial in-
dices a, b = 1, 2, 3, and s is the spacetime metric sig-
nature. D[Na] is the constraint generating spatial dif-
feomorphisms, parametrized by a shift vector field Na,
while S[N ] is the scalar constraint and generator of de-
formations in the direction normal to spatial hypersur-
faces, parametrized by a lapse function N . Due to the
effects of LQG the scalar constraint is subject to a quan-
tum deformation. Moreover, the hypersurface deforma-
tion algebra itself is deformed through the presence of
the factor Ω, which is some function of gravitational field
variables. The general form of this function in LQG is
not yet known but it has been explicitly derived for spe-
cific symmetry reduced configurations. In the case when
the sign of Ω is constant the deformation can actually be
absorbed by an appropriate transformation of variables,
which cannot be achieved if the sign is changing [25].
In particular, in the case of a homogeneous and
isotropic spacetime configuration on which there are in-
troduced perturbative inhomogeneities with holonomy
corrections the deformation factor is given by [16]
Ω = cos(2γµ¯k¯) ∼= 1− 2 ρ
ρc
∈ [−1, 1] . (4)
Here ∼= denotes imposition of the constraint S[N ], p¯ and
k¯ are the homogeneous Ashtekar variables, γ ∼ 1 is the
Barbero-Immirzi parameter and µ¯ =
√
∆/p¯ the lattice
refinement, with ∆ being the minimal area, expected
to be of the order of the Planck area ∆ ∼ 1/m2Pl. ρ
is energy density of the matter content of universe and
ρc = 3m
2
Pl/(8πγ∆) ∼ m4Pl the maximal allowed value of
energy density, expected to be of the order of the Planck
density. We note that the classical value Ω = 1 is cor-
rectly recovered in the limit of low energy densities ρ→ 0.
On the other hand, when the density reaches the maxi-
mum ρ→ ρc, the opposite value Ω = −1 is achieved.
Since the deformation factor Ω in (3) is accompanied
by the metric signature s, the change of the sign of Ω can
be interpreted as the signature change [18]. Namely, at
low energy densities we have sΩ→ s, which corresponds
to the classical Lorentzian (for s = 1) or Euclidean (for
s = −1) space, while at the maximal density ρ = ρc,
in the deep quantum regime, the effective signature be-
comes sΩ → −s. Moreover, at ρ = ρc/2 the sign of sΩ
turns out to be indefinite (i.e. sΩ = 0), which can be
associated with the state of so-called asymptotic silence
or ultralocality [26].
3In this paper we are going to consider the algebra (1-
3) restricted to linear hypersurface deformations, char-
acterizing homogeneous and isotropic spacetime config-
urations. In such a case the above deformed algebra of
constraints (for s = 1) is equivalent to a certain defor-
mation of the Poincare´ algebra, by which we mean the
universal enveloping algebra of a Lie algebra iso(3, 1).
As we discuss it in Appendix, the limit of linear defor-
mations can be imposed on (1-3) by choosing the spatial
metric to be given by the Kronecker delta, qab = δab and
restricting the expressions for a lapse function and shift
vector to the linear form:
N(x) = ∆t+ vax
a , Na(x) = ∆xa +Rabx
b , (5)
where ∆t, ∆xa, va and R
a
b are the infinitesimal param-
eters of, respectively, a time translation, spatial transla-
tions, boosts and rotations. The rotation matrix can be
expressed in terms of infinitesimal angles ϕa as Rab =
ǫbacϕc. Under such assumptions the scalar and diffeo-
morphism constraints can be expanded into the following
combinations of the Poincare´ algebra generators:
S[N ] = S[∆t+ vax
a] = −∆tP0 − vaKa , (6)
D[Na] = D[∆xa +Rabx
b] = −∆xbPb − ϕbJb . (7)
where P0, Pa, Ja and Ka denote the generators of time
translations, spatial translations, boosts and rotations,
respectively.
In Appendix we show how the (standard) Poincare´
algebra can be recovered by imposing the conditions
qab = δab and (6-7) on the classical hypersurface algebra.
The loop deformed algebra (1-3), although very similar
to the classical one, does not allow to straightforwardly
apply the same methodology. While for the undeformed
brackets (1-2) the derivation of the corresponding sector
of the Poincare´ algebra is the same as in Appendix, the
bracket (3) contains the additional function Ω inside the
diffeomorphism constraint. The most convenient solution
would be to find a way to extract Ω in front of the con-
straint. However, apart from the perturbative approach,
which has been used e.g. in deriving (4), it is not possible
to do so directly.
The strategy that we are going to apply here is based
on the observation that a diffeomorphism constraint with
some additional function f of field variables inside can al-
ways be rewritten as the unmodified diffeomorphism con-
straint multiplied by a certain functional of f . Namely,
D[fNa] = F [f ]D[Na] , (8)
where the functional F [f ] is simply given by
F [f ] =
D[fNa]
D[Na]
=: 〈f〉D , (9)
which can be interpreted as the diffeomorphism average
of the function f . Then the problematic right hand side
of (3) can be expressed as
D
[
sΩqab(N1∂bN2 −N2∂bN1)
]
= s〈Ω〉DD
[
qab(N1∂bN2 −N2∂bN1)
]
= −seff(vaPa + ϕaJa) , (10)
where we introduce the effective metric signature
seff = sΩ˜ := s〈Ω〉D
= s
D
[
Ωqab(N1∂bN2 −N2∂bN1)
]
D [qab(N1∂bN2 −N2∂bN1)] . (11)
The quantity seff has been called “effective signature”
since it reduces to the metric signature s in the classical
limit, while otherwise it is instead a certain function of
the Poincare´ algebra generators. Because seff multiplies
the Pa and Ja generators in (10) in the same way as sig-
nature s in the classical case, it is possible to expand the
bracket (3) analogously to its classical counterpart (80).
Consequently, using the procedure discussed in Appendix
we obtain the deformed Poincare´ algebra that is deter-
mined by the following brackets:
{Ja, Jb} = ǫabcJc , (12)
{Ja,Kb} = ǫabcKc , (13)
{Ka,Kb} = −seffǫabcJc , (14)
{Ja, Pb} = ǫabcP c , (15)
{Ja, P0} = 0 , (16)
{Ka, Pb} = δabP0 , (17)
{Ka, P0} = seffPa , (18)
{Pa, Pb} = 0 , (19)
{Pa, P0} = 0 , (20)
where the effective signature seff = sΩ˜ appears only
where s is located in the standard Poincare´ algebra. As
one can see, Ω˜ is some unknown function of the symmetry
generators, related via (11) to the deformation factor Ω,
which is present at the level of the hypersurface deforma-
tion algebra. If the form of Ω was known as a function of
field variables, then one could also try to derive the form
of Ω˜, using e.g. the Brown-York generators [27].
Precisely speaking, our deformed Poincare´ algebra is
a certain quotient of the tensor algebra defined by the
brackets (12-20) and the latter is actually a semi-classical
deformation of a Poisson algebra. In other words, P0,
Pa, Ja and Ka can be viewed as functions on classi-
cal phase space (spacetime and the corresponding mo-
mentum space) but satisfying the deformed brackets.
Passing to the quantum theory would require replacing
{·, ·} −→ 1i [·, ·] and promoting P0, Pa, Ja and Ka to
quantum operators. However, for the purposes of this
paper it is not necessary to discuss the full quantum pic-
ture (in particular, in the framework of quantum groups)
and therefore we restrict the considerations to the semi-
classical regime.
As mentioned above, a priori we do not know the func-
tional form of the deformation factor Ω˜. However, we are
4able to constrain it using mathematical consistency and
experience gained from the symmetry reduced models,
as well as calculate it explicitly in some particular cases.
Let us first note that since Ω˜ is generally a non-trivial
function of the algebra generators, the brackets (12-20)
do not define a Lie algebra. Nevertheless, it is reasonable
to require the Jacobi identities, which are a feature of the
Poincare´ (Lie) algebra, to be satisfied even for a deformed
version of this algebra. The main motivation to do so is
that in such a case the (standard) Leibnitz rule for the ac-
tion of an algebra on itself is preserved. One can also nat-
urally expect that Ω˜ is rotationally invariant. Moreover,
the ordinary Poincare´ algebra should be recovered in the
limit of vanishing deformation (which will correspond to
low energies). Our final assumption, which we choose
here as a specific simple example, is that Ω˜ depends only
on the translation generators and is a separable func-
tion of the form Ω˜ = Ω˜(P0,P
2) = A(P0)B(P
2), where A
and B can be determined from the other conditions. If
we allowed Ω˜ to depend on rotations Ja and boosts Ka,
the analysis and interpretation of results would be much
more difficult.
In the case of Lorentzian signature s = 1 the Ja-
cobi identities lead to a differential equation on Ω˜ =
Ω˜(P0,P
2), which has the solution
Ω˜(P0,P
2) =
P 20 /c1 − 1
P2/c2 − 1 , (21)
with two independent real constants c1, c2. As we will
now show, the classical limit imposes a relation between
c1 and c2.
By construction, (21) commutes with all generators of
the algebra (12-20) and hence it is a Casimir element of
the latter. Then the mass Casimir element C1 of the al-
gebra (determining the mass square of a particle whose
symmetries are described by (12-20)), with the standard
classical limit, can be constructed as the appropriate
combination of Ω˜ and the unit element, namely
C1 = a1Ω˜ + a2I =
−a1c1 P 20 −
a2
c2
P2 + (a1 + a2)
1− c−12 P2
. (22)
The conditions that have to be satisfied in order to re-
cover the proper classical limit are a2 = −a1, a1 = c1
and c1 = c2 ≡ α, where α is a (positive or negative) real
constant. Consequently, the mass Casimir can be written
as [24]
C1 = −P
2
0 +P
2
1− α−1P2 (23)
and the classical expression is recovered for |α| → ∞.
Furthermore, taking into account the fact that c1 =
c2 ≡ α, the deformation factor (21) simplifies to
Ω˜(P0,P
2) =
P 20 − α
P2 − α . (24)
Let us note that, in contrast to (4), Ω˜ is not a bounded
quantity. In the calculations we assumed that in the limit
|α| → ∞ the expression (24) tends to 1, restoring the
undeformed Poincare´ algebra. Below we will extend the
symmetry algebra by the Heisenberg algebra and identify
the translation generators with components of a momen-
tum. Then (24) can also be seen as tending to 1 in the
low energy limit P0 → 0, P → 0.
Let us now consider an extension of the symmetry al-
gebra (12-20) by the (undeformed) Heisenberg algebra of
spacetime positions xµ and four-momenta pµ, defined by
the brackets
{xµ, xν} = 0 , {xµ, pν} = ηµν , {pµ, pν} = 0 , (25)
with spacetime indices µ, ν = 0, 1, 2, 3 and where η =
diag(−1, 1, 1, 1) is the Minkowski metric. Applying the
approach of [28] we find the following realization of (12-
20) in terms of the xµ and pµ generators:
ǫabcJ
c = xapb − xbpa , (26)
Ka = xap0 − x0paΩ˜ , (27)
Pa = pa , P0 = p0 . (28)
The above expressions do not depend on the explicit form
of Ω˜ = Ω˜(P0, Pa). Then for Ω˜ given by (24) we find that
the brackets of xµ with the boost generators have the
non-trivial form
{Ka, x0} = xa − 2x0 p0pa
p20 − α
Ω˜ , (29)
{Ka, xb} = x0Ω˜
(
δab − 2 papb
p2 − α
)
(30)
and satisfy all necessary Jacobi identities. In this sense
our deformed Poincare´ algebra is compatible with the
standard Heisenberg algebra (25). The merger of these
two algebras describes usual commutative spacetime and
corresponding momentum space but endowed with de-
formed relativistic symmetries. However, such an exten-
sion of the symmetry algebra is ambiguous, since the lat-
ter alone is actually insufficient to determine the form
of the Heisenberg algebra. To this end we need also the
coproduct and antipode on the algebra (12-20), which
would turn the latter into a Hopf algebra. Then the
appropriate Heisenberg algebra could generally be con-
structed using the so-called smash product construction,
see e.g. [29]. Therefore, in principle, (12-20) can as well
describe symmetries of a noncommutative spacetime, de-
termined by some deformed Heisenberg algebra. Cur-
rently it is not yet known how the Hopf algebraic struc-
ture of symmetries can be extracted from the loop quanti-
zation in 3+1 dimensions, apart from assuming a compat-
ible hypothesis [20] (although it has recently been done
in 2+1 dimensions [30]). Therefore (25) should be under-
stood as the simplest possible Ansatz for the Heisenberg
algebra consistent with (12-20), which does not diverge
too far from usual physics.
5III. INVARIANT ENERGY SCALE
The mass Casimir element (23) is invariant under rota-
tions, since it is constructed from the deformation factor
(24). Not surprisingly, the set of its symmetries is actu-
ally larger, since (23) is also preserved by an appropriate
deformed version of the Lorentz transformations, which
we will now introduce.
For simplicity let us restrict to boosts with a velocity
v in the x direction. Then the deformed Lorentz trans-
formation of a four-momentum (P0, {Pa}) (whose com-
ponents are identified with the translation generators via
(28)) has the following form:
P ′0 = Qγ(P0 − vP1) , (31)
P ′1 = Qγ(P1 − vP0) , (32)
P ′2 = QP2 , (33)
P ′3 = QP3 . (34)
The difference with respect to the ordinary transforma-
tions is contained in the factor
Q =
1√
1 + γ
2v2
α
(
P 20 + P
2
1 − 2vP0P1
) , (35)
where γ = 1√
1−v2 is the usual Lorentz factor. In the
classical limit |α| → ∞ we correctly obtain Q→ 1.
A natural consequence in this context is the existence
of an energy scale that is invariant under the action of
transformations (31-34). Indeed, solving the equation
P ′0 = P0 for P0 we find that it has two (real-valued)
solutions ±√α, although only when α > 0. In other
words, if we take an arbitrary four-momentum of the
form (P0 = ±
√
α, P1, P2, P3) (with α > 0), then act-
ing with a deformed boost (31-34) we obtain the vec-
tor (P ′0, P
′
1, P
′
2, P
′
3) = (±
√
α,Qγ(P1 ∓
√
αv), QP2, QP3),
which shows that the energy component P0 is conserved.
Therefore ±√α are the invariant energy scales that we
were looking for. Meanwhile, in the case of α < 0 such
an invariant is purely imaginary and therefore we do not
consider it as physical.
Let us note that ±√α, α > 0 are distinguished val-
ues of energy within our model for other reasons as well.
Namely, both the deformation factor Ω˜ and mass Casimir
C1 become divergent at |P| =
√
α. Moreover, Ω˜ changes
sign when crossing either |P| = √α or |P0| =
√
α. On
the other hand, for α < 0 we observe that Ω˜ is positive
definite, there is no divergence of C1 and hence no dis-
tinguished energy scale. It is also worth to mention that
some features of the invariant energy scale ±√α are simi-
lar to the invariant scale characterizing one of the models
of doubly special relativity [31].
Furthermore, it can be expected that the regions in
four-momentum space determined by the energy val-
ues ±√α – with P0 ∈ (−∞,−
√
α), P0 ∈ (−
√
α,
√
α)
or P0 ∈ (
√
α,∞) – are physically disconnected. More
precisely, we want to check whether it is possible to
boost a momentum from one region to another. To
this end let us consider an arbitrary vector of the form
(P0 = ε
√
α, P1, P2, P3), where ε ∈ (−1, 1), so that
P0 ∈ (−
√
α,
√
α). A deformed boost with the velocity
v transforms the energy component into
P ′0 =
√
α (ε
√
α− vP1)√
(ε
√
α− vP1)2 + (1 − v2)(1 − ε2)α
, (36)
where naturally always (1 − v2)(1 − ε2)α > 0 and hence
−√α < P ′0 <
√
α. Therefore energy remains in the
range (−√α,√α), unless we take superluminal velocities.
Choosing ε ∈ (±1,±∞) one can reach the analogous con-
clusions for momenta with P0 lying above
√
α or below
−√α. These three regions can be, therefore, described
as physically separated momentum subspaces.
Lastly, let us briefly explore the issue of allowed ve-
locities of particles characterized by the considered de-
formed symmetries. To this end we may consider the
mass Casimir (23), which gives us the following disper-
sion relation for particles with mass m:
P 20 = m
2 +P2
(
1− m
2
α
)
, (37)
leading to the following relation between the phase and
group velocities:
vgrvph = 1− m
2
α
. (38)
This allows us to express the group velocity as
vgr =
1− m2α√
1− m2α + m
2
P2
. (39)
The maximal allowed value of the group velocity is
obtained for P2 →∞ and amounts to
vmaxgr =
√
1− m
2
α
. (40)
Depending on the sign of α, vmaxgr can be smaller or
greater than the speed of light in vacuum. However,
for typical masses of particles the difference is expected
to be very small. Even for the inflaton field, for which
m ∼ 10−6mPl, assuming |α| ∼ m2Pl one obtains the cor-
rection of the order m
2
|α| ∼ 10−12. The effect would be,
therefore, extremely difficult to observe. Moreover, for
photons the dispersion relation takes the standard form
and vmaxgr = 1. Anyway, superluminal velocities are ex-
cluded in the case of α > 0.
IV. INVARIANT MEASURE
When four-momentum space is endowed with a given
algebra of symmetries, then the latter determines the
6form of the infinitesimal invariant volume element, which
plays the role of a measure on this momentum space. For
the Poincare´ algebra the invariant momentum space mea-
sure is simply d4P . On the other hand, since the sym-
metry algebra (12-20) and the corresponding transforma-
tions (31-34) are a deformed counterpart of the Poincare´
case, one can reasonably expect that the invariant mea-
sure on momentum space with the symmetries (12-20) is
an appropriate modification of d4P .
In order to explore this issue we calculate the Jacobian
determinant of a momentum transformation (31-34)
det
(
∂P ′µ
∂Pν
)
=
∣∣∣∣∣∣∣∣∣∣
∂P ′0
∂P0
∂P ′0
∂P1
∂P ′0
∂P2
∂P ′0
∂P3
∂P ′1
∂P0
∂P ′1
∂P1
∂P ′1
∂P2
∂P ′1
∂P3
∂P ′2
∂P0
∂P ′2
∂P1
∂P ′2
∂P2
∂P ′2
∂P3
∂P ′3
∂P0
∂P ′3
∂P1
∂P ′3
∂P2
∂P ′3
∂P3
∣∣∣∣∣∣∣∣∣∣
= Q6 . (41)
The above result leads to the following relation between
the measure in the initial coordinates and the one in the
boosted coordinates:
d4P ′ = Q6d4P , (42)
where P = (P0, {Pa}) and P ′ = (P ′0, {P ′a}).
Let us now try to find such a function f(P ) that the
condition
f(P ′)d4P ′ = f(P )d4P , (43)
is satisfied. From (42) we infer that under a deformed
boost (31-34) the function f(P ) has to transform as
f(P ) = Q6f(P ′) . (44)
Furthermore, the correspondence with the classical case
requires that in the limit |α| → ∞ we have f(P ) → 1.
Then the form of f(P ) can be deduced by observing that
there exists the equality
Q2
(
1− P
2
α
)
= 1− P
′2
α
. (45)
Combining all above relations we find the invariant mo-
mentum space measure
dµ ≡ f(P )d
4P
(2π)4
=
1(
1− P2α
)3 d
4P
(2π)4
. (46)
This result will be crucial for calculating the average re-
turn probability in Sec. VI.
It is worth stressing that the measure (46) differs from
the one that could be naively expected from the mass
Casimir (23). Namely, writing (23) as
C1 = gµν(P )PµPν , gµν(P ) ≡ η
µν
1− α−1P2 , (47)
one naturally deduces that the invariant measure should
have the form
√
| det(gµν(P ))| d4P =
(
1− P
2
α
)2
d4P . (48)
However, the measure obtained in such a heuristic way
is explicitly breaking the invariance with respect to the
deformed boosts (31-34).
V. EUCLIDEAN DOMAIN
So far we have focused on the Lorentzian model, with
the signature s = 1. However, to introduce a diffusion
process on spacetime we actually need to consider the Eu-
clidean version of our deformed symmetry algebra. One
of the issues in this context is that the Laplace operator
defined on spacetime (as well as in the momentum space
representation) has to be elliptic. For the model consid-
ered in this paper the situation is complicated by the fact
that the sign of Ω˜ changes with momentum. Therefore,
we expect the Laplace operator to be of a mixed type
(either elliptic or hyperbolic, depending on the energy
range). In order to be able to probe spacetime by diffu-
sion from large scales up to small scales we restrict here
to the situation where spacetime is Euclidean at large
scales. Nevertheless, one has to keep in mind that when
α > 0 the sign of the Euclidean version of Ω˜ changes and
spacetime becomes Lorentzian for 3-momenta exceeding√
α, which is making the diffusion ill defined for such a
regime of momenta. The alternative possibility would be
to consider the Lorentzian case discussed in Sec. II, again
with the sign changing Ω˜. Such a case is, however, also
ill defined (for α > 0) since it would contain the regime
where the measure is negative, leading to a substantial
difficulty in interpreting the trace of heat kernel as the
average return probability (see Sec. VI). The latter could
be remedied [32] by an appropriate modification of the
diffusion equation but here we follow the conservative
approach.
A transition from the Lorentzian to Euclidean domain
can be performed either by an analytic continuation,
called the Wick rotation, or by introducing a priori the
Euclidean counterpart of the deformed Poincare´ algebra.
Since the analytic continuation may turn out to be tricky,
as it is the case for the κ-Poincare´ algebra (where the de-
formation parameter κ has to be analytically continued
as well, although this is so due to the coalgebra [33]),
both of the possibilities are discussed below.
The Wick rotation that we consider here is the analytic
continuation P0 −→ −iP0, Ka −→ −iKa. Applying it
to the deformed brackets (12-20) we find that the only
formulae that change are those depending on the effective
signature seff = sΩ˜, which become
{Ka,Kb} = seffǫabcJc , (49)
{Ka, P0} = −seffPa . (50)
By redefining the signature s to the correct Euclidean
value s = −1 they can be restored to their previous form
(14), (18) but with the Wick-rotated Ω˜. Namely, apply-
ing P0 −→ −iP0 to the Lorentzian deformation factor
7(24) we obtain its Euclidean counterpart
Ω˜E = −P
2
0 + α
P2 − α (51)
and therefore the effective signature turns into seff =
−Ω˜E . Then the brackets (12-20) define the deformed Eu-
clidean algebra, while in the low energy limit sΩ˜E(0, 0)→
−1 and hence the classical Euclidean algebra is recovered.
Furthermore, Wick-rotating the Lorentzian Casimir el-
ement (23) we obtain
CE1 =
P 20 +P
2
1− α−1P2 . (52)
One can observe that for α < 0 the expression (52) is
a positive definite function, while for α > 0 it is posi-
tive below the invariant energy scale |P| < √α, negative
above this scale |P| > √α and divergent at |P| = √α.
The negativity of CE1 can indicate that we are entering
the hyperbolic regime of the Laplace operator. However,
this is so only if the relation between the Laplace opera-
tor and the mass Casimir is linear, while in general this
may not be the case.
In order to explore the other possible definition of the
Euclidean counterpart of our model we first assume that
s = −1. In this case the classical limit gives us the con-
dition sΩ˜E(0, 0) = −1, equivalent to Ω˜E(0, 0) = 1. The
latter is the same as in the Lorentzian case for the func-
tion Ω˜. Consequently, the solution for Ω˜E is analogous
to (21) and reads
Ω˜E(P0,P
2) =
P 20 /c1 − 1
P2/c2 − 1 . (53)
The agreement with the expression (51) can be achieved
by setting c2 = −c1 = α, for which (53) reduces to
Ω˜E = −P
2
0 + α
P2 − α . (54)
Then the mass Casimir is again given by a superposition
of Ω˜E and the unit element, namely
CE1 = a1Ω˜E + a2I =
a1P
2
0 + a2P
2 + α(a1 − a2)
P2 − α . (55)
The conditions that guarantee the proper classical limit
CE1 = P 20 +P2 are a2 = −a1 and a1 = α, leading to
CE1 =
P 20 +P
2
1− α−1P2 , (56)
which is identical to (52), as it should.
VI. DIFFUSION AND THE SPECTRAL
DIMENSION
We have already collected all necessary ingredients to
address the main subject of this paper – a diffusion pro-
cess on (Wick-rotated) spacetime with the deformed sym-
metries (12-20). Namely, on a Riemannian manifold of d
topological dimensions and with the metric g a diffusion
(or random walk) is described by the heat equation
∂
∂σ
K(x, x0;σ) = ∆xK(x, x0;σ) , (57)
where σ denotes the auxiliary time (which plays the role
of a scale parameter), ∆x is the Laplacian and we assume
the initial condition
K(x, x0;σ = 0) =
δ(d)(x− x0)√
| det g(x)| . (58)
In general, the Laplacian may differ from the usual one
∆ = gµν∂µ∂ν , µ, ν = 1, . . . , d. For R
4 with the standard
Euclidean metric the solution to (57), also called the heat
kernel, can be written as
K(x, x0;σ) =
∫
d4P
(2π)4
eiPµ(x−x0)
µ
eσ∆P , (59)
where ∆P is the Laplacian represented on space of mo-
menta P . As one can see, the expression (59) is obtained
using the Fourier transform.
For the model discussed in Sec. II we have shown that
the deformed Poincare´ algebra (12-20) can be consis-
tently complemented by the undeformed Heisenberg al-
gebra (25) (although it is not the unique choice). Then
phase space has the ordinary structure and it seems that
the usual notion of the Fourier transform should be pre-
served. However, in the case of models characterized by
non-trivial phase space the Fourier transform can be sub-
stantially different from the standard one [34]. In partic-
ular, it may lead to a modification of the measure on
momentum space, as it happens for the κ-Poincare´ alge-
bra [35]. By analogy, the deformed measure (46) from
Sec. IV can perhaps be coming from the corresponding
modification of the Fourier transform, which arises due
to the deformation of symmetries (12-20), irrespective of
the form of the Heisenberg algebra.
In order to correctly define the counterpart of the heat
kernel (59) for the considered model we have to make
two changes that we have already suggested. Namely,
use the appropriate Laplace operator ∆P and the invari-
ant measure on momentum space dµ(P ). The invariance
is necessary to guarantee the independence of the results
from a particular reference frame, which has to be ful-
filled at the level of the average return probability
P (σ) := trK(σ) =
∫ √| det g| d4xK(x, x;σ)∫ √| det g| d4x
=
∫
dµ(P ) eσ∆P , (60)
obtained by the space averaging of the return probabil-
ity K(x, x;σ). Both ∆P and dµ(P ) should be invariant
quantities, leading to the invariance of the whole expres-
sion. Then the spectral dimension is defined as
dS(σ) := −2∂ logP (σ)
∂ log σ
(61)
8and is a function of the scale parameter σ. Nevertheless,
in our case g is the Euclidean metric and hence P (σ) =
K(x, x;σ).
The invariance of the Laplace operator ∆P under ro-
tations and deformed boosts is guaranteed by the fact
that it can be expressed in terms of the Euclidean mass
Casimir as
∆P = −CE1 +
∑
n=2
cnα
(CE1
α
)n
. (62)
The last term has been included to show that, in general,
higher order powers of the Casimir may contribute to the
expression for ∆P . However, here we restrict to the sim-
plest possibility, setting ∀n≥2cn = 0, simply due to the
fact that we do not know what the extra cn parameters
could be.
Taking ∆P = −CE1 given by (56) and the invariant
measure (46) we can finally write the following average
return probability:
P (σ) =
4π
(2π)4
∫
Ip
dp p2(
1− p2α
)3
∫
IE
dEe
−σ E2+p2
1−p2/α . (63)
Here we introduce the notation E ≡ P0 and p ≡ |P|,
while IE and Ip denote the corresponding ranges of in-
tegration. The above expression can be given the prob-
abilistic interpretation when P (σ) > 0. It also has the
correct classical limit
lim
|α|→∞
P (σ) =
1
16π2
1
σ2
, (64)
for which one obtains dS(σ) = 4.
In the remaining part of this Section we will calculate
the explicit form of P (σ) with either sign of the parame-
ter α and the appropriate intervals IE and Ip. From each
of the results we will extract the corresponding spectral
dimension (61).
A. The case α > 0, Ip = [0,
√
α], IE = R
At the beginning let us consider two cases with positive
α. As we discussed in Sec. III, then ±√α are the invari-
ant energy scales. Furthermore, at p =
√
α (note that
p > 0) the Laplace operator ∆P changes its type from el-
liptic to hyperbolic. For this reason the integration range
of p has to be restricted to Ip = [0,
√
α]. On the other
hand, crossing of the value E =
√
α does not change sign
of the mass Casimir (52) and therefore we keep here the
full energy range IE = R. A case with the bounded IE
will be discussed in the next Subsection. Applying the
above integration intervals to (63) we obtain the average
return probability
P (σ) =
4π
(2π)4
√
π
σ
∫ √α
0
dp p2e
−σ p2
1−p2/α(
1− p2α
)5/2
=
4π
(2π)4
√
π
σ
∫ ∞
0
dq q2e−σq
2
=
1
16π2
1
σ2
, (65)
where the change of variables to q := p√
1−p2/α has con-
verted the seemingly complicated formula into the case
(64) of Euclidean space with the ordinary Laplacian.
Substituting this result into (61) we calculate the spectral
dimension
dS(σ) = 4 . (66)
Therefore, for α < 0 and the integration over momen-
tum space restricted to Ip = [0,
√
α], we measure the
same dimension of (Wick-rotated) spacetime as for the
four-dimensional Minkowski spacetime. However, this
not necessarily means that the two spaces are isomorphic
to each other.
B. The case α > 0, Ip = [0,
√
α], IE = [−
√
α,
√
α]
Another possibility is that, in contrast to the previous
Subsection, energy is restricted to the range between the
invariant scales, i.e. IE = [−
√
α,
√
α]. Then, performing
the calculations analogously to (65), we find that (63)
has the form
P (σ) =
4π
(2π)4
√
π
σ
∫ ∞
0
dq q2e−σq
2
erf
(√
σ (q2 + α)
)
,
(67)
with the following asymptotic behaviors:
P (σ) ∼ σ−2 for σ →∞ , (68)
and
P (σ) ∼ σ−2 for σ → 0 . (69)
The spectral dimension corresponding to (67) can only be
obtained numerically and its running is shown in Fig. 1.
Curiously, the restriction of energy to [−√α,√α] leads
here to a slight deviation from dS = 4 at intermediate
diffusion times σ ∼ 1/α, characterized by the invariant
energy scale. In principle we could also consider the cases
with IE = [−∞,−
√
α] or IE = [
√
α,∞]. However, this
would not allow us to probe the large scale limit of space-
time, which is associated with low energy contributions
to the Laplace operator.
9FIG. 1. Spectral dimension as a function of the scale param-
eter for the case with α > 0 and IE = [−
√
α,
√
α].
C. The case α < 0, Ip = R, IE = R
Let us now turn to the case of α < 0. For the
Lorentzian signature s = 1 the sign of Ω˜ remains con-
stant irrespective of the values of E and p, and hence
the signature change does not occur. In turn, the Eu-
clidean Ω˜E changes its sign at P 20 = −α. Nevertheless,
the Laplace operator ∆P remains elliptic in the whole
range of E and p and we have no reason to restrict the
intervals IE and Ip. Similarly, there is no divergence in
either Ω˜E or ∆P and, which will turn out to be essential,
the value of Ω˜E tends to zero in the P →∞ limit.
Integrating (63) over E and making the change of vari-
ables to u := p√
1+p2/|α| we obtain
P (σ) =
4π
(2π)4
√
π
σ
∫ ∞
0
dp p2e
−σ p2
1+p2/|α|(
1 + p
2
|α|
)5/2
=
4π
(2π)4
√
π
σ
∫ √|α|
0
du u2e−σu
2
=
erf(
√
|α|σ)
16π2σ2
− e
−|α|σ√|α|
8π5/2σ3/2
, (70)
which has the asymptotic behaviors:
P (σ) ∼ σ−2 for σ →∞ , (71)
and
P (σ) ∼ σ−1/2 for σ → 0 . (72)
The analytic expression for the running spectral dimen-
sion calculated from (70) is
dS(σ) = 4− 4(|α|σ)
3/2
√
π e|α|σerf(
√
|α|σ)− 2
√
|α|σ (73)
and the corresponding plot is presented in Fig. 2.
We observe here the dimensional reduction from the
large scale value dS = 4 to dS = 1 at small scales. The
FIG. 2. Spectral dimension as a function of the scale param-
eter for the case with α < 0 with IE = R.
latter ultraviolet value can have the following interpreta-
tion. At high energies |P| → ∞ the deformation factor
Ω˜ tends to zero, corresponding to the so-called ultralocal
[36] or Carrollian limit [37, 38] of spacetime and its rela-
tivistic symmetries. In the Carrollian limit, in which the
speed of light is taken to zero, spacelike separated points
become effectively decoupled, due to the collapse of their
lightcones into null worldlines. Then spacetime becomes
a congruence of such (one-dimensional) worldlines, as it
is schematically depicted in Fig. 3. Since increasing en-
ergy is equivalent to probing smaller scales of spacetime,
we indeed have the dimensional reduction to dS = 1.
Such a value is consistent with the analysis [26] of loop
quantum cosmology in the case characterized by the hy-
persurface deformation algebra (1-3). The significance of
these results is that ultralocality is one of the features of
the Belinsky-Khalatnikov-Lifshitz (BKL) conjecture [39]
or asymptotic silence scenario.
FIG. 3. Schematic representation of the collapse of lightcones
into a congruence of null worldlines while approaching the
ultralocal (silent) state.
On the other hand, in [8] it has been argued that
asymptotic silence is characterized by the dimensional
reduction to 2, which results from an elongation of the
anisotropic cosmological model in one particular direc-
tion during each of the Kasner epochs. Then spacetime
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effectively has one spatial and one temporal direction.
However, such a viewpoint is in contradiction with ul-
tralocality, which is achieved first in the BKL scenario.
Namely, in this scenario universe first decouples into non-
interacting points of space, each described by the min-
isuperspace homogeneous cosmological model. Then the
chaotic dynamics is acting at the level of the points.
Treating an elongation in the internal space of a point
as an elongation in the three-dimensional space violates
the initial suppression of the spatial dependence of fields.
Therefore, the interpretation in which the BKL conjec-
ture leads to the dimensional reduction to 1 seems to be
better justified.
It should be stressed that the results in this Subsection
(as well as in the previous ones) have been obtained in
the Euclidean domain of the model, which can be treated
either as an independent case or as the Wick-rotated
version of the Lorentzian model. The second possibil-
ity is supported by the observed consistency with the
Lorentzian picture of the collapse of lightcones. There-
fore, we conclude that the dimensional reduction of our
model does not fundamentally depend on the spacetime
metric signature. This is also in agreement with the
fact that, irrespective of the signature s, in the limit
Ω˜ → 0 (or Ω˜E → 0) the effective signature seff = sΩ˜
(or seff = sΩ˜
E) tends to zero and the deformed algebra
(12-20) becomes the (standard) Carroll algebra.
D. The case α < 0, Ip = R, IE = [−
√
α,
√
α]
While the Laplace operator for α < 0 is elliptic inde-
pendently of the value of P0, in order to make our dis-
cussion complete we will also consider here the restriction
to IE = [−
√
α,
√
α]. The motivation for taking into ac-
count such a range of variability of P0 is the changing
sign of seff. Namely, for the Euclidean case, with the
deformation factor (51), we find that
seff = −Ω˜E = P
2
0 + α
P2 − α. (74)
For α < 0 the denominator remains positive definite
and the effective signature seff is negative (Euclidean) for
P 20 < |α|, while for P 20 = |α| we obtain seff = 0 and for
P 20 > |α| the signature seff becomes positive (Lorentzian).
Therefore, while entering the P 20 > |α| region does not
affect the elliptic character of the Laplace operator, the
effective signature becomes Lorentzian. Below we make
an analysis of the diffusion process assuming that the
P 20 > |α| regime is excluded from the physical phase
space. In other words, a UV cut-off is introduced at the
energy scale P0 =
√
|α|.
In this case the average return probability can be writ-
ten as
P (σ) =
|α|2e− τ2
16π2τ
∫ 1
−1
dx e−τx
2/2
1− x2 I1
(τ
2
(1− x2)
)
, (75)
where τ := σ|α| and I1(x) denotes a Bessel function. The
expression (75) has the following asymptotic behaviors:
P (σ) ∼ σ−2 for σ →∞ , (76)
and
P (σ) ∼ const for σ → 0 . (77)
The UV behavior suggests that the spectral dimension
reduces to dS = 0 in this limit. This expectation is sup-
ported by calculating dS as a function of σ with the use
of the definition (61). The resulting dS(σ) dependence is
plotted in Fig. 4.
FIG. 4. Spectral dimension as a function of the scale param-
eter for the case with α < 0 with IE = [−
√
α,
√
α].
How to understand such a result? In the case with
IE = R the spectral dimension in the UV limit reduces
to dS = 1, which, as we already discussed, can be asso-
ciated with the time direction of spacetime. Introducing
the cut-off
√
|α| in the energy domain (which is the case
discussed in the present Subsection) prevents the probing
of the time direction at time scales smaller than 1/
√
|α|.
In other words, when the energy cut-off is introduced,
time effectively becomes discrete and undefined at the
scales smaller than 1/
√
|α|. Therefore, it is natural to ex-
pect that the time dimension (which remains physically
available in the ultralocal case) disappears at sufficiently
short time scales if the energy cut-off is introduced.
VII. SUMMARY
The analysis presented in this paper addressed the is-
sue of probing a loop-quantized spacetime configuration
by the diffusion process. The considered model was given
by Minkowski spacetime but with symmetries described
by a deformed Poincare´ algebra, whose form is motivated
by the predictions of the effective regime of loop quantum
gravity. While such an algebra is still unknown in gen-
eral, we proposed a specific case that has the structure
recovered from the loop-deformed hypersurface deforma-
tion algebra. Namely, using reasonable assumptions, like
the conservation of the Jacobi identities by the deformed
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Poincare´ algebra, we have determined the particular form
of the deformation factor. We also assumed an extension
of such a symmetry algebra by the standard Heisenberg
algebra of phase space variables.
Subsequently we showed that our symmetry algebra
leads to deformed Lorentz transformations, which pre-
serve two distinguished energy scales. Moreover, we have
derived the form of the invariant measure on momentum
space. The above ingredients were applied to precisely
define (after the Wick rotation) and analyze the diffu-
sion process on spacetime endowed with the considered
deformed algebra of symmetries. In particular, we have
found that in the case in which the deformation factor
tends to zero in the high energy limit, the spectral di-
mension reduces to dS = 1 at small scales, as it is ex-
pected in the asymptotic silence scenario. Besides, the
presence of the invariant energy scale allows to consider
our model as an example of the doubly special relativity
(DSR), which could be further studied within the latter
framework.
The UV values of the spectral dimension for all the
cases considered in this article are collected in the table
below.
Case α Ip IE dS(σ → 0)
A > 0 [0,
√
α] R 4
B > 0 [0,
√
α] [−√α,√α] 4
C < 0 R R 1
D < 0 R [−√α,√α] 0
Finally, let us make a brief comparison of our deriva-
tion of the deformed Poincare´ algebra with the LQG
derivation in the spherically symmetric case in [19, 20].
In this paper we have begun with assuming a general de-
formation of the bracket (3), parametrized by some un-
known function Ω of phase space variables. As it should
be stressed, the subsequent reduction of the DHDA to the
corresponding deformed Poincare´ algebra requires the
use of a certain averaging procedure. The obtained defor-
mation of the Poincare´ algebra is then parametrized by
the seff function, whose form is inferred from the consis-
tent mathematical assumptions rather than some known
physical solution for Ω. The family of functions seff con-
sidered in this paper does not cover all possible choices of
Ω. Moreover, it is not yet known if the discussed form of
seff can be associated with the cosine form of Ω that ap-
pears in the LQG models with holonomy corrections. In
contrast, in [19, 20] the cosine form of Ω is suggested by
the presence of the calculated holonomy corrections. It
is subsequently assumed that the corresponding deforma-
tion factor of the Poincare´ algebra is of the same cosine
form. However, as we have to stress, a straightforward
identification of the form of HDA deformation function Ω
with the corresponding deformation of the Poincare´ alge-
bra is not necessarily correct and the known results in the
spherically symmetric case need to be confirmed by the
further analysis. Due to such differences between both
of the discussed approaches, at the moment we are only
able to observe the qualitative but not the quantitative
similarities between their results.
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APPENDIX
The aim of this Appendix is to show explicitly how the
classical hypersurface deformation algebra reduces to the
Poincare´ or Euclidean algebra, depending on the metric
signature s. A more detailed discussion of these calcula-
tions can be found e.g. in [40].
The hypersurface deformation algebra describes defor-
mations of an arbitrary spatial hypersurface Σt, which
correspond to local diffeomorphisms. The generators of a
deformation are the smeared scalar constraint S[N ] and
the smeared spatial diffeomorphisms constraint D[Na].
S[N ] generates deformations in the direction normal to
the hypersurface Σt (i.e. the time direction), while D[N
a]
is responsible for deformations in the tangential direction.
The deformations are parametrized by a lapse functionN
and shift vectorNa, which together form the deformation
vector uµ = Nnµ+Nµ, where nµ is a unit vector normal
to the hypersurface Σt, such that gµνn
µnν = s. Here
µ, ν = 0, 1, 2, 3 denote spacetime indices and a, b = 1, 2, 3
the spatial ones. The local coordinate transformation
generated by uµ is given by xµ → x′µ = xµ + uµ.
The constraints S[N ] and D[Na] are contributions to
the gravitational Hamiltonian in the ADM formulation,
H [N,Na] = S[N ] +D[Na]. Furthermore, they form the
first class algebra:
{D[Na1 ], D[Na2 ]} = D
[
N b1∂bN
a
2 −N b2∂bNa1
]
, (78)
{S[N ], D[Na]} = −S [N b∂bN] , (79)
{S[N1], S[N2]} = D
[
sqab(N1∂bN2 −N2∂bN1)
]
. (80)
The above algebra is satisfied by any theory that is co-
variant under local diffeomorphisms. Let us note that
due to the presence of the spatial metric qab in the last
line the brackets (78-80) do not define a Lie algebra.
A special class of local diffeomorphisms are linear
transformations, which are associated with the Poincare´
(or respectively Euclidean) symmetry. The correspond-
ing brackets of the symmetry generators can be recov-
ered from the hypersurface deformation algebra (78-80)
by restricting the (infinitesimal) deformations to linear
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functions, such that we have
N(x) = ∆t+ vax
a , (81)
Na(x) = ∆xa +Rabx
b , (82)
qab = δab , (83)
where ∆t is the parameter of a time translation, va
parametrize boosts, ∆xa specify spatial translations and
Rab is a rotation matrix. The rotation matrix in terms
of infinitesimal angles ϕa is given by Rab = ǫbacϕc.
In the linear case (81-83) the constraints D[Na] and
S[N ] can be expressed as the following combinations of
the Poincare´ (or respectively Euclidean) generators:
D[Na] = −∆xaPa − ϕaJa , (84)
S[N ] = −∆tP0 − vaKa , (85)
where P0 is the generator of time translations, Pa are
the generators of spatial translations, Ja generators of
rotations and Ka generators of boosts. The minus signs
are necessary to obtain the symmetry generators in the
usual convention. Then the left hand side of the bracket
(78) can be rewritten as
{D[Na1 ], D[Na2 ]} =
{
∆xa1Pa + ϕ
a
1Ja,∆x
b
1Pb + ϕ
b
1Jb
}
= ∆xa1∆x
b
2 {Pa, Pb}
+ (ϕa1∆x
b
2 − ϕa2∆xb1) {Ja, Pb}
+ ϕa1ϕ
b
2 {Ja, Jb} , (86)
whereas the right hand side simplifies to
D
[
N b1∂bN
a
2 −N b2∂bNa1
]
=
= D[(∆xb1ϕ2c −∆xb2ϕ1c)ǫacb − ǫabc(ǫbdeϕd1ϕe2)xc]
= (∆xb2ϕ1c −∆xb1ϕ2c)ǫacbPa + ǫbdeϕ1dϕ2eJb . (87)
The final expressions in (86) and (87) agree with (78) if
and only if the appropriate terms on both sides (which
are multiplied by parameters of the deformations) are
equal to each other. This condition gives us the first
three brackets of the Poncare´ algebra:
{Pa, Pb} = 0 , (88)
{Ja, Pb} = ǫabcP c , (89)
{Ja, Jb} = ǫabcJc . (90)
The analogous procedure can now be applied to the
bracket (79). At the left hand side we calculate
{S[N ], D[Na]} = {∆tP0 + vaKa,∆xbPb + ϕbJb}
= ∆t∆xb {P0, Pb}+∆tϕb {P0, Jb}
+ va∆xb {Ka, Pb}+ vaϕb {Ka, Jb} , (91)
while at the right hand side we have
− S [Na∂aN ] = −S
[
∆xava + v
aRabx
b
]
= ∆xavaP0 − vaǫabcϕcKb . (92)
Comparing (91) with (92) we obtain the brackets:
{P0, Pa} = 0 , (93)
{P0, Ja} = 0 , (94)
{Ka, Pb} = δabP0 , (95)
{Ja,Kb} = ǫabcKc . (96)
Finally, let us consider the bracket (80). In this case
the left hand side gives
{S[N1], S[N2]} =
{
∆t1P0 + v
a
1Ka,∆t2P0 + v
b
2Kb
}
= ∆t1∆t2 {P0, P0}+ (va1∆t2 − va1∆t1) {Ka, P0}
+ va1v
b
2 {Ka,Kb} (97)
and the right hand side
D
[
sqab(N1∂bN2 −N2∂bN1)
]
= sD
[
(va1∆t1 − va1∆t2) + ǫabc(ǫbdevd1ve2)xc
]
= −s(va1∆t1 − va1∆t2)Pa − sǫabcvb1vc2Ja , (98)
which leads to
{Ka, P0} = −sPa , (99)
{Ka,Kb} = −sǫabcKc . (100)
The latter brackets are the only ones which are affected
by the signature s.
The obtained set of nine brackets (88-90), (93-96) and
(99-100) defines the Poincare´ (or respectively Euclidean)
algebra.
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